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INTRODUCTION 

. The n o n r e l a t i v i s t i c  d e s c r i p t i o n  of a nucleus of A i n t e r a c t i n g  

p a r t i c l e s  i s  given by the so lu t ion  of t h e  Schrodinger equat ion 

where vi j  r e p r e s e n t s  t he  i n t e r a c t i o n  between the  i - t h  and j - t h  nucleons 

and M i s  t h e  nucleon mass. The problem of ob ta in ing  t h i s  d e s c r i p t i o n  

i s  seen t o  be twofold: 

and (2) 

(1) f inding t h e  i n t e r a c t i o n  ope ra to r  e x p l i c i t l y  

using t h e  i n t e r a c t i o n  ope ra to r  t o  deduce t h e  phys ica l  c h a r a c t e r  

of t he  va r ious  nuc lea r  systems i n  o rde r  t o  compare them w i t h  experiment. 

Regret tably,  t he  nucleon-nucleon i n t e r a c t i o n  is  s u f f i c i e n t l y  complicated 

t h a t  t he  e x p l i c i t  form of the  i n t e r a c t i o n  ope ra to r  i s  as y e t  undeter-  

mined. 

f o r  a system of A i n t e r a c t i n g  particles could n o t  be solved g e n e r a l l y .  

Furthermore, even i f  v i j  were known, t h e  Schrodinger equat ion 

Thus, t o  o b t a i n  a n  adequate explanat ion of t h e  p r o p e r t i e s  of var ious 

n u c l e i ,  t h e o r i s t s  have been forced t o  introduce many s impl i fy ing  as- 

sumptions, some of which can be j u s t i f i e d  only by t h e i r  end r e s u l t .  

One approximation which has been remarkably s u c c e s s f u l  i n  p r e d i c t i n g  

many of t h e  p r o p e r t i e s  of nuclear ground states, bu t  f o r  which t h e  theo-  

r e t i c a l  j u s t i f i c a t i o n  w a s  slow i n  being developed is the  s h e l l  model of 

Mayerl and of Haxel, Jensen, and Suess .2  The b a s i c  p o s t u l a t e  of t h i s  

theory i s  t h a t  t h e  motion of an i n d i v i d u a l  nucleon can  be regarded as 

t h a t  of a p a r t i c l e  i n  a s p h e r i c a l l y  symmetric p o t e n t i a l  produced by the  
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2 

rest  of the  nucleons.  

dea l ing  wi th  exc i t ed  s t a t e s ,  and modi f ica t ion  has been found necessary 

i n  two r e s p e c t s .  F i r s t ,  many of t he  p rope r t i e s  of l i g h t  n u c l e i  i n  

p a r t i c u l a r  have been found t o  a r i s e  from the  r e o r i e n t a t i o n  of s e v e r a l  

p a r t i c l e s  r e l a t i v e  t o  each o ther ,  leading t o  the  i n d i v i d u a l - p a r t i c l e  

p i c t u r e  of nuc lear  s t r u c t u r e  i n  which a r e s i d u a l  i n t e r a c t i o n  between 

nucleons is  assumed t o  induce a c o r r e l a t i o n  i n  the  motion of t he  p a r t i -  

c l e s  i n  a c e n t r a l  p o t e n t i a l .  Secord, t he  c e n t r a l  f i e l d  has been shown 

i n  gene ra l  t o  be n e i t h e r  s t a t i c  nor s p h e r i c a l l y  symmetric, i nd ica t ing  a 

c o l l e c t i v e  model of nuc lear  s t r u c t u r e  i n  which the  motions of i nd iv idua l  

p a r t i c l e s  are regarded a s  being superposed upon the  c o l l e c t i v e  o s c i l -  

l a t i o n s  of t he  nucleus a s  a whole. This model, as f i r s t  developed by 

Bohr and Mottelson,’ has i t s  g r e a t e s t  success  i n  the  reg ion  of heavy 

n u c l e i  w e l l  away from closed s h e l l s .  In  l i g h t  n u c l e i  and i n  reg ions  

nea r  t o  c losed s h e l l s ,  t he  i n d i v i d u a l - p a r t i c l e  a spec t s  of nuc lear  s t r u c -  

t u r e  are dominant, and f o r  these  n u c l e i  t he  c o l l e c t i v e  e f f e c t s  may be 

t r e a t e d  i n  t e r m s  of conf igura t ion  mixing. 

I n  its o r i g i n a l  form, t h i s  model i s  inadequate i n  

The f i r s t  employment of the i n d i v i d u a l - p a r t i c l e  model f o r  a d e t a i l e d  

a n a l y s i s  of t he  odd-par i ty  s t a t e s  of O I 6  and N16 n u c l e i  w a s  by E l l i o t t  

and Flowers.‘ They assumed t h a t  t hese  s t a t e s  could be descr ibed p r imar i ly  

by a hole  i n  a l p  s t a t e  and a p a r t i c l e  i n  a Id o r  2s s t a t e  moving i n  a 

harmonic-osc i l la tor  p o t e n t i a l .  A p a r t i c l e - h o l e  i n t e r a c t i o n  c o n s i s t i n g  

of a s i n g l e - p a r t i c l e  sp in -o rb i t  p o t e n t i a l  and a two-par t ic le  c e n t r a l  

i n t e r a c t i o n  p o t e n t i a l  w i th  a Rosenfeld exchange mixture w a s  t r e a t e d  as 

a pe r tu rba t ion .  

based on the  same assumptions, and only the  parameters i n  the  c e n t r a l  

Subsequent i nves t iga t ions  by Duck’ and by G i l l e t 6  were 
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i n t e r a c t i o n  p o t e n t i a l  and the  character  of t he  exchange mixture were 

changed. This method produced a reasonable p i c t u r e  of t he  0l6 and N 16 

n u c l e i ,  b u t  some anomalous f ea tu res  d i d  develop, p r imar i ly  i n  t h e  b e t a  

decay of the  2' level of N16 t o  t h e  1' level of O I 6  and i n  the  0 muon 

c a p t u r e .  Our s tudy  is  d i r e c t e d  toward e l imina t ing  these  i r r e g u l a r i t i e s  

by employing a Serb'er exchange mixture f o r  t h e  c e n t r a l  i n t e r a c t i o n  

p o t e n t i a l  and by r ep lac ing  t h e  s i n g l e - p a r t i c l e  s p i n - o r b i t  p o t e n t i a l  i n  

t h e  r e s i d u a l  i n t e r a c t i o n  w i t h  a two-pa r t i c l e  s p i n - o r b i t  i n t e r a c t i o n  

p o t e n t i a l .  

b u t  a l s o  knowledge of t he  general  nucleon-nucleon i n t e r a c t i o n  p o t e n t i a l .  

16 

Thus, w e  are seeking n o t  only information about t h e s e  n u c i e i ,  

Occuring i n  our ca l cu la t ions  are s i x t e e n  independent nuc lea r  and 

nucleon parameters, t he  indiscr iminate  v a r i a t i o n  of which would lead t o  

t h e  f i t t i n g  of almost any d a t a  d e s i r e d .  Since t h i s  would be of dubious 

s i g n i f i c a n c e ,  w e  a s s i g n  t o  t h i r t e e n  of t he  parameters va lues  ind ica t ed  by 

s c a t t e r i n g  and energy l e v e l  data;  t he  remaining t h r e e  are v a r i e d  about 

t h e i r  experimental  values  t o  compensate p a r t i a l l y  f o r  t h e  inaccuracies  

r e s u l t i n g  from t h e o r e t i c a l  approximations and experimental  e r r o r .  I n  

every in s t ance ,  however, we conform t o  experimental ly- indicated r e s u l t s  

as c l o s e l y  as p o s s i b l e .  

The main t e x t  of t h i s  paper i s  divided i n t o  t h r e e  s e c t i o n s .  I n  

Chapter I the p o s s i b l e  nucleon-nucleon i n t e r a c t i o n  p o t e n t i a l s  are consid-  

ered,  and the  form i s  s e l e c t e d  which i s  thought necessary t o  o b t a i n  a 

reasonably accu ra t e  p i c t u r e  of t h e  0l6 and N16  n u c l e i  without  unneces- 

s a r i l y  complicating t h e  c a l c u l a t i o n s .  Then t h e  assumptions made t o  

approximate t h e  s o l u t i o n  of the Schrodinger equat ion are discussed,  and 

t h e  p o t e n t i a l  w e l l  introduced by t h e s e  assumptions i s  chosen. A mathe- 

nlaiical treatment of t h e  iiiethoda ilaed for CGzstructing the energy m i t r i c e s  
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is  presented i n  Chapter 11. The f i n a l  chapter  conta ins  t h e o r e t i c a l  

p red ic t ions  of t h e  energy-level  s p l i t t i n g s  of 0l6 and N 1 6  and of the  

beta-decay and muon-capture r a t e s  f o r  t h e  two n u c l e i .  

son of t hese  r e s u l t s  w i t h  experimental  da t a ,  t he  nuc lear  s ta te  vec to r s  

g iv ing  the  b e s t  experimental  f i t  are chosen. The appendices conta in  

t h r e e  de r iva t ions  too cumbersome t o  be included i n  t h e  main text,  bu t  

necessary  f o r  t he  completeness of t he  work, and a summary of formulas 

from Racah a lgeb ra  which are used throughout our c a l c u l a t i o n s .  

Af t e r  a compari- 
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CHAPTER I 

THE MUTUAL INTERACTION BETWEEN NUCLEONS 

Form of the  Nucleon-Nucleon I n t e r a c t i o n  P o t e n t i a l  

I n  desc r ib ing  a nucleus of i n t e r a c t i n g  p a r t i c l e s  by t h e  Schrodinger 

equation 

A A 

i= 1 i< j 

w e  are  making two assumptions about t h e  mutual i n t e r a c t i o n  between 

nucleons.  F i r s t ,  and most bas i c ,  w e  are assuming t h a t  t h e  i n t e r a c t i o n  

of nucleons through t h e  meson f i e l d  can be represented by an i n t e r a c t i o n  

p o t e n t i a l  between nucleons.  Such a n  approximation i s  considered v a l i d  

only i f  ( v / c ) ~  << 1 where v i s  the mean nucleon v e l o c i t y .  

average k i n e t i c  energy of a nucleon i n  a nucleus t o  be 20 M ~ v , ~  w e  f i n d  

Taking t h e  

( V / C ) ~  M 1/20 so  t h a t  t he  n o n r e l a t i v i s t i c  approach is  j u s t i f i e d .  The 

second assumption made i n  wr i t i ng  Eq. (1.1) i s  t h a t  t h e  mutual i n t e r a c t i o n  

between nucleons i s  a two-body i n t e r a c t i o n .  Although many-body f o r c e s  

may someday be required by meson theory,  t h e i r  n e c e s s i t y  has not  as y e t  

been demonstrated. 8 

The i n t e r a c t i o n  p o t e n t i a l  between nucleons has been found t o  s a t i s f y  

many requirements which severely r e s t r i c t  i t s  p o s s i b l e  forms. I n  a d d i t i o n  

t o  being Hermitian, t he  i n t e r a c t i o n  p o t e n t i a l  must be  i n v a r i a n t  under the 

following transformations: '  (1) Ga l i l ean  t ransformations,  ( 2 )  r o t a t i o n s  
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i n  t o t a l  angular  momentum space, (3) s p a t i a l  r e f l e c t i o n s ,  ( 4 )  t i m e  

r e v e r s a l ,  and (5) r o t a t i o n s  i n  i so top ic - sp in  space.  Furthermore, Lorentz 

invariance arguments i n d i c a t e  t h a t  terms i n  t h e  i n t e r a c t i o n  involving 

powers of t he  momenta higher than t h e  f i r s t  must be very small. 7 

We a l s o  assume t h a t  t h e  mutual i n t e r a c t i o n  p o t e n t i a l  can be  f ac to red  

i n t o  s e p a r a t e  o r b i t a l ,  i n t r i n s i c - s p i n ,  and i so top ic - sp in  p a r t s  i n  t h e  

form 

The i so top ic - sp in  ope ra to r  D ( T ~ , T . )  must be scalar t o  s a t i s f y  t h e  f i f t h  J 

invariance requirement and thus is r e s t r i c t e d  t o  being e i t h e r  1 o r  

( ~ i  ~j ) .  

a scalar product of two t enso r s  of degree A which ope ra t e  i n  d i f f e r e n t  

The s p a t i a l  p a r t  of t h e  i n t e r a c t i o n  p o t e n t i a l  i s  w r i t t e n  as 
&: -4 

spaces .  Since the  s p i n  operators are f i r s t - d e g r e e  t enso r s ,  w e  can only 

form two-part ic le  ope ra to r s  f o r  which A < 2 .  Thus t h e  p o s s i b l e  i n t e r -  

a c t i o n  p o t e n t i a l s  may be separated i n t o  t h r e e  groups according t o  the  

degree of t he  s p i n  ope ra to r  t enso r .  

h = 0. The p a r t  of t he  mutual i n t e r a c t i o n  which is s c a l a r  i n  both 

s p i n  and o r b i t a l  spaces is ca l l ed  t h e  scalar i n t e r a c t i o n  p o t e n t i a l  vyj.  

From invariance requirements we f i n d  t h a t  S ( u i , O . )  can t ake  only the  

forms 1 o r  (ai  , a j )  and L (ri,rj) can only be a func t ion  of t he  d i s t a n c e  

between p a r t i c l e s .  The most general  form of t h e  scalar i n t e r a c t i o n  

0 

3 
0 

- z  

p o t e n t i a l  i s  then 

0 x v (Iri - r.:) J . - 5 
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The c o e f f i c i e n t s  i n  t h i s  equation may be eva lua ted  from s c a t t e r i n g  

d a t a  more r e a d i l y  i f  t he  p o t e n t i a l  i s  r e w r i t t e n  i n  terms of permutation 

ope ra to r s .  From the  r e l a t i o n s  10 

and 

where P o ( i j )  and P,( i j )  a r e  the  permutation, o r  exchange, opera tors  i n  

i n t r i n s i c - s p i n  and i s c t cp ic - sp in  spaces  r e spec t ive ly ,  and from the  proper ty  

of antisymmetric states 

P,( i j )  = -P ( i j )  P T ( i j )  
U 

where P r ( i j )  i s  the  exchange operator  i n  o r b i t a l  space,  i t  fol lows t h a t  

t he  s c a l a r  i n t e r a c t i o n  p o t e n t i a l  may be w r i t t e n  

I )  [W + MPr(ij)  - HPT(ij)  + BPu(i j ) ]  (1 - 4 )  0 

j 
v i j  = v o ( l r i - r  

where 

W = a. - a l  - a2  + a3 

M = -4a3 

H = -2a2 +- 2a3 

B = 2al - 2a3 . 
Low-energy neutron-proton s c a t t e r i n g  da ta8  i n d i c a t e  t h a t  t he  Serber  ex- 

change mixture,  def ined by W = M = 0.5 and H = B = 0, o r  by a. = 0.375, 

a l  = a2 = a = -0.125, c l o s e l y  approximates the  a c t u a l  ca se .  3 

It has been found t h a t  the nuc lea r  s t a t e s  a r e  r e l a t i v e l y  i n s e n s i t i v e  

t o  the  r a d i a l  dependence of the s c a l a r  i n t e r a c t i o n  p o t e n t i a l  f o r  reason- 

a b l e  w e l l  shapes.’ Thus, l e t t i n g  r = ( r l  - r 2 ) ,  we assume f o r  s i m p l i c i t y  
5 - z 

. 
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t h a t  v o ( r )  has the  form 

vo( r )  = vS(r) P S + v t ( r >  p t  

1 
where Ps = -(1 1 - ol * a ) and Pt = $3 + al 
opera tors  f o r  t he  s i n g l e t  and t r i p l e t  states, r e spec t ive ly ,  and the  

a,) are the  p ro jec t ion  
5 - 5 - 4 

v S , t ( r )  a r e  taken t o  be Yukawa wells, i .e .  

11 
The parameter va lues  ind ica t ed  by s c a t t e r i n g  experiments are: 

Vs = - 4 6 . 9  MeV as  = 1.17 F .  

Vt = -52.1 MeV a t  = 1.38  F .  

These va lues  of t he  range parameters as  and a t  w i l l  be accepted,  bu t  t h e  

i n t e r a c t i o n  s t r e n g t h s  Vs and V, w i l l  be r e t a ined  a s  f r e e  v a r i a b l e s .  

X = 1. The ex i s t ence  of an i n t e r a c t i o n  p o t e n t i a l  w i th  a v e c t o r  

s p i n  component i s  necessary i n  f i r s t - o r d e r  approximations t o  provide the  

double t  s p l i t t i n g  found i n  nuclear  s t a t e s .  As i s  w e l l  known, a s i n g l e -  

p a r t i c l e  p o t e n t i a l  which w i l l  give t h i s  s p l i t t i n g  is  

P 

5 5 i 

Many nuclear  i n v e s t i g a t i o n s ,  including a l l  previous s t u d i e s  of t he  0 16 

and N16 n u c l e i ,  assume t h i s  s i n g l e - p a r t i c l e  p o t e n t i a l  t o  be the  s o l e  t e r m  

i n  the  mutual i n t e r a c t i o n  p o t e n t i a l  w i th  a v e c t o r  s p i n  dependence. There 

i s  evidence, however, t h a t  a p o t e n t i a l  of t h i s  type is  not  an  a c t u a l  

nuc lear  p o t e n t i a l ,  b u t  r a t h e r  t h a t  i t  i s  an  e f f e c t  of a more complicated 

p o t e n t i a l .  
_In 
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The only two-body p o t e n t i a l  which has a vec to r  s p i n  component and 

s a t i s f i e s  a l l  t h e  invariance requirements l i s t e d  previously i s  

v’ = [v‘(r)  + ( T ~  12 a12 

where 

Ind ica t ions  of t h e  ex i s t ence  of t h i s  p o t e n t i a l ,  which w e  w i l l  c a l l  the 

v e c t o r  i n t e r a c t i o n  p o t e n t i a l ,  have been summarized by S i g n e l l  and Marshak 

as follows: 12 

(1) Short-range sp in -o rb i t  i n t e r a c t i o n  p o t e n t i a l s  o r i g i n a t e  i n  

f i e l d  theory i f  nucleon r e c o i l  is  taken i n t o  account .  

(2) For a nucleon ou t s ide  a closed s h e l l ,  t he  v e c t o r  i n t e r a c t i o n  

p o t e n t i a l  produces on the nucleon a n  e f f e c t i v e  fo rce  of the type t1 R 

This i s ,  i n  f a c t ,  the  only two-body i n t e r a c t i o n  which i n  a f i r s t - o r d e r  

s .  
5 -  

t reatment  w i l l  produce the  co r rec t  s p i n - o r b i t  s p l i t t i n g .  

(3) An a n a l y s i s  of 310-MeV s c a t t e r i n g  d a t a  shows a l a r g e  s p i n - o r b i t  

type s c a t t e r i n g  amplitude. 

( 4 )  The v e c t o r  i n t e r a c t i o n  p o t e n t i a l  is needed t o  exp la in  a phase 

s h i f t  i n  150-MeV s c a t t e r i n g  d a t a .  

(5) An ex tens ive  computer s ea rch  f o r  a good phenomenological i n t e r -  

a c t i o n  p o t e n t i a l  w i t h  no v e l o c i t y  dependence ended i n  f a i l u r e .  Previous 

c a l c u l a t i o n s  a l s o  show t h a t  t he  v e c t o r  p o t e n t i a l  is a t t rac t ive  and t h a t  

U ‘ ( r )  can be taken t o  be zero.  13 

Studies  which employ only the s i n g l e - p a r t i c l e  s p i n - o r b i t  p o t e n t i a l  

are,  i n  essence,  ignoring the mutual i n t e r a c t i o n  through t h e  v e c t o r  
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p o t e n t i a l  of a l l  p a r t i c l e s  outside closed s h e l l s .  This has been found 

t o  be a good approximation f o r  nuc le i  i n  which only the  l p  s h e l l  i s  

occupied. l4 

found t o  p l ay  a n  important r o l e  i n  binding-energy c a l c u l a t i o n s  f o r  n u c l e i  

w i t h  the  p a r t i c l e s  i n  the Id and 2s  shells,15 and consequently t h e  v e c t o r  

i n t e r a c t i o n  given by Eq. (1.6) with U'(r) = 0 is used i n  t h i s  s tudy .  

However, t he  two-particle s p i n - o r b i t  i n t e r a c t i o n  has been 

The nuc lea r  s ta tes  have been shown t o  be more s e n s i t i v e  t o  the  r a d i a l  

16 dependence of t h e  vec to r  p o t e n t i a l  than t o  t h a t  of t he  s c a l a r  p o t e n t i a l .  

Therefore,  w e  must choose the function v ' ( r )  more c a r e f u l l y  than v o ( r ) .  

The usual  w e l l  shapes, such as the Yukawa w e l l ,  the  Gaussian w e l l ,  t he  

square w e l l ,  e t c . ,  have been shown t o  g ive  poor r e s u l t s  i n  s c a t t e r i n g  

experiments17 and so are unacceptable. 

has been found t o  be a de r iva t ive  of a Yukawa w e l l  w i t h  a s t r a i g h t  c u t -  

o f f ,  given by 

However, a reasonable approximation 

1 d  v ' ( r )  = vs0 - - 
x dx 

where x = (r/aso).  

have been found t o  be approximately given by 

and ro = 0 . 2 1  F .  

s t r e n g t h  VSO as a f r e e  parameter. 

The parameters i n  t h i s  form of the  p o t e n t i a l  w e l l  

18 Vso = 30 MeV, aSO = 1.07 F . ,  

Once again,  however, w e  w i l l  r e t a i n  the  i n t e r a c t i o n  

A = 2 .  The e x i s t e n c e  of an i n t e r a c t i o n  p o t e n t i a l  ( h e r e a f t e r  re- 

f e r r e d  t o  as t h e  t enso r  i n t e r a c t i o n  p o t e n t i a l )  w i t h  the  s p i n  dependence 

given by a second-degree tensor is necessary t o  e x p l a i n  such p r o p e r t i e s  

as the quadrupoie moment of the deuteron. aewever, -----;-.*- m e  1 m * * 1 2 t i  nna 9 y ' S v L " U U  CUa.b.UA. CI".." 
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have shown i t s  e f f e c t s  t o  be neg l ig ib l e  i n  t h e  f i r s t - o r d e r  approximations 

used i n  t h i s  study, and it is omitted i n  our work. 

Methods of Approximation 

The b a s i s  of t he  nuclear  s h e l l  model i s  the  idea t h a t  t he  i n t e r a c t i o n  

of a nucleon w i t h  the rest of t h e  nucleus can be replaced by t h e  i n t e r -  

a c t i o n  of t he  nucleon w i t h  a c e n t r a l  f i e l d .  Obviously, however, a common 

s i n g l e - p a r t i c l e  c e n t r a l  i n t e r a c t i o n  cannot completely r ep lace  t h e  a c t u a l  

mutual i n t e r a c t i o n s  i n  a system of many p a r t i c l e s ,  and t o  be more p r a c t i c a l  

w e  have t o  consider  co r rec t ions  t o  t h e  c e n t r a l  f i e l d .  We are  t h e r e f o r e  

i n t e r e s t e d  i n  a system whose t o t a l  Hamiltonian is  given by H = Ho + H1, 

where Ho i s  the  Hamiltonian of the c e n t r a l  f i e l d  and H1 is a r e s i d u a l  

i n t e r a c t i o n  added t o  make the  t o t a l  Hamiltonian more r e a l i s t i c .  

For a system having one p a r t i c l e  o u t s i d e  a s h e l l  w i t h  one hole ,  

t he  sum of the  mutual i n t e r a c t i o n  over a l l  p a i r s  of p a r t i c l e s  may be 

separated i n t o  t h r e e  p a r t s :  

where the  sum over m and n is over a l l  p o s s i b l e  p a r t i c l e  states i n  the 

closed s h e l l ,  p denotes the  p a r t i c l e  ou t s ide  the  s h e l l ,  and h r e p r e s e n t s  

t he  hole s ta te .  (Note t h a t  the sum over  m and n does include h, b u t  n o t  

p . )  The f i r s t  sum on the right-hand s i d e  of Eq. (1.8) merely g ives  t h e  

binding energy of t he  closed s h e l l s  and w e  w i l l  a r b i t r a r i l y  t ake  t h i s  t o  

be zero.  This assignment i n  noway a f f e c t s  our d e r i v a t i o n  of t he  nuc lea r  

s ta tes ,  b u t  merely provides a reference p o i n t  from which t o  measure energy 

1eveIs. We ~ e w  m k e  the fiundamental assumption of our  model: t he  
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i n t e r a c t i o n  of nucleon w i t h  closed s h e l l s  through t h e  scalar i n t e r a c t i o n  

p o t e n t i a l  (see E q s .  (1.3) and (1.4)) may be replaced by t h e  i n t e r a c t i o n  

of t he  nucleon w i t h  a c e n t r a l  f i e l d .  

and hole  states w i t h  the  closed s h e l l  through vo is  given by 

Thus t h e  i n t e r a c t i o n  of t he  p a r t i c l e  

m 

A s  noted i n  the  previous sec t ion ,  t h e  i n t e r a c t i o n  of a nucleon w i t h  the  

closed s h e l l s  through the  vector  i n t e r a c t i o n  t e r m  (see Eq. (1.6)) can be 

replaced by the  s i n g l e  - p a r t i c  le s p i n - o r b i t  p o t e n t i a  1 

where t h e  sum is  over the p a r t i c l e  and t h e  hole  s t a t e s .  Thus the  

r e s i d u a l  i n t e r a c t i o n  c o n s i s t s  only of Us0 and t h e  i n t e r a c t i o n  between 

t h e  p a r t i c l e  and hole  states, i . e . ,  

Although t h e r e  is no rigorous t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  t r e a t i n g  

n u c l e i  by f i r s t - o r d e r  pe r tu rba t ion  theory,  such an approach has l ed  t o  

reasonable approximations i n  previous ca l cu la t ion ,4 -6  and thus w e  use i t  

he re .  

be  approximated by a l i n e a r  combination of t h e  degenerate e i g e n s t a t e s  of 

t h e  unperturbed Hamiltonian. Hence i f  t he  e i g e n s t a t e s  IE;a) s a t i s f y  the  

re l a  t i o n  

We assume t h a t  t he  e i g e n s t a t e s  I$) of the  t o t a l  Hamiltonian can 

H,IE+) = E P I E P ~ )  , 

then I $ )  is approximately equal  t o  11) where 
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11) = a a a  I E O ~ )  . (I. 10) 
Q, 

Denoting the  f i r s t - o r d e r  energy c o r r e c t i o n  by &I,  then w e  f i n d  by use of 

degenerate  pe r tu rba t ion  theory  t h a t  19 

I 

where 

- 
- &l (I. 11) 

Therefore  by d iagonal iz ing  t h e  matrix CFCcra,’) ,  w e  may eva lua te  t h e  f i r s t -  

o rde r  energy c o r r e c t i o n s  and the corresponding cons t an t s  a@, which 

determine the  e i g e n s t a t e  11). 

The Nuclear P o t e n t i a l  Well 

0 I f  t he  e n t i r e  s e t  of e igens t a t e s  IEia) w e r e  used i n  t h e  pe r tu rba t ion  

theory  c a l c u l a t i o n s ,  t he  source of t he  e i g e n s t a t e s ,  i . e . ,  t he  p o t e n t i a l  

w e l l ,  would become i r r e l e v a n t . ’  I n  p r a c t i c e ,  i t  is p o s s i b l e  f o r  one t o  

d e a l  on ly  wi th  t h e  e i g e n s t a t e s  corresponding t o  the  lowest energy eigen-  

va lue  (or, i n  s imple cases ,  e igenvalues) .  There is  s t i l l  no need t o  

in t roduce  the  w e l l  e x p l i c i t l y ,  and only  t h e  r a d i a l  shape of t he  w e l l  

must be s p e c i f i e d ;  no re ference  t o  i t s  depth  is necessary .  
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The nuclear  p o t e n t i a l  w e l l  is known t o  be f l a t  over t he  bulk  of the  

nucleus and t o  climb s t e a d i l y  t 0  zero a t  t he  edge of t h e  nucleus,  a s  one 

may r ep resen t  q u i t e  w e l l  by the  Saxon-Woods p o t e n t i a l  

r - R V(r) = -v0[1 + exp ( - d 

Unfortunately,  t hese  f e a t u r e s  a re  no t  represented  by any known w e l l  

shape f o r  which the  eigenvalues  and e i g e n s t a t e s  a r e  r e a d i l y  ob ta inab le .  

Although numerical  computations would g ive  the  des i r ed  information,  such 

l abor  seems unnecessary because the  a c t u a l  w e l l  shape can be approximated 

by two i d e a l i z e d  w e l l s ,  t he  square w e l l  and the  harmonic-osc i l la tor  w e l l ,  

f o r  which t h e  s p e c t r a  are known. 

obtained by using these  idea l ized  w e l l s .  Nevertheless  q u a l i t a t i v e  

f e a t u r e s  may be determined q u i t e  w e l l ;  i n  f a c t ,  a numerical  c a l c u l a t i o n  

using a Saxon-Woods p o t e n t i a l  of t he  wave func t ions  and r a d i a l  i n t e g r a l s  

f o r  n u c l e i  of mass 38 shows a q u i t e  n e g l i g i b l e  d i f f e r e n c e  from those 

c a l c u l a t e d  i n  an  o s c i l l a t o r  f i e l d . 2 0  For computational ease ,  w e  assume 

t h a t  t he  nuc lea r  p o t e n t i a l  can be approximated by a harmonic-osc i l la tor  

pot  e n t i a  1 

S t r i c t l y  accu ra t e  r e s u l t s  cannot be 

where M i s  the  nucleon mass and W is t he  frequency of v i b r a t i o n  of t he  

c l a s s i c a l  o s c i l l a t o r .  

The e i g e n s t a t e s  of t he  harmonic-osc i l la tor  p o t e n t i a l  are 

(I. 12) 
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' L  

where 

is given by 

(e, cp) is a s p h e r i c a l  harmonic and t h e  r a d i a l  func t ion  %A.(r) a 

1 

where 

1 a. +- 
2 41 (x) is  a Laguerre polynomia 

A + l  
r 

1 and 

2 r 

e 2b2 

b = (  

1 
- . n  )2 
m w  

2 r 
- 1  
b2 

is  t h e  

(I. 13) 

harmonic - 
o s c i l l a t o r  length .  (In t h i s  harmonic-osci l la tor  no ta t ion ,  t he  minimum 

va lue  of t h e  p r i n c i p l e  quantum number n is 0 r a t h e r  than 1 as i n  the  

usua l  nuc lear  n o t a t i o n . )  

The energy eigenvalues  for t he  harmonic-osc i l la tor  p o t e n t i a l  are 

3 = (2n + A + -) W ~ I  . 
EnA 2 

Thus f o r  t h i s  p o t e n t i a l  t he  1s and Od states are degenerate .  Since 

experimental  d a t a  i n d i c a t e  t h a t  t h e  Od energy l e v e l  is about 1.16 MeV 

lower than t h a t  of t h e  1s s t a t e ,  we add t h i s  energy t o  the  (Op)" (Od) 

conf igura t ion  i n  computing t h e  energy matrix of Eq. (1.11).  



CHAPTER I1 

EVALUATION OF TH% ENERGY MATRIX FOR HOLE -PARTICLE CONFIGURATIONS 

4 Previous c a l c u l a t i o n s  concerning 0l6 and N 1 6  have shown t h a t  the 

nuc lea r  s ta tes  are b e t t e r  approximated by a pure j - j  r e p r e s e n t a t i o n  

than by a pure L-S r ep resen ta t ion ,  and consequently j - j  coupled wave 

funct ions are used i n  t h i s  paper. This choice i s  no t  c r i t i c a l ,  however, 

as w e  can transform t h e  s t a t e  vectors  from one r e p r e s e n t a t i o n  t o  the  

o the r  by means of t he  A-coeff ic ients  discussed i n  Appendix A .  I f  w e  

denote by IF) a hole  i n  a s t a t e  w i t h  quantum numbers j and m ( the  

quantum numbers n, R, s ,  7 ,  n-+ being understood),  then the  energy matrix 

elements of Eq. (1.11) f o r  h o l e - p a r t i c l e  conf igu ra t ions  are  

where Uso i s  the  s i n g l e - p a r t i c l e  s p i n - o r b i t  i n t e r a c t i o n  p o t e n t i a l  and 

v i s  the mutual- interact ion p o t e n t i a l  between the  hole  and p a r t i c l e  

s t a t e s .  The matrix elements of t h e  s i n g l e - p a r t i c l e  s p i n - o r b i t  t e r m  are 

found t o  be 2 1  

(11.1) 

can be determined experimental ly  from 
n 2 ~ 2  and 5 n1JJ 1 

The parameters 5 

neighboring n u c l e i .  The computation of t h e  matr ix  elements f o r  t h e  
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mutua l - in te rac t ion  p o t e n t i a l  i s  more more complex and r equ i r e s  d e t a i l e d  

d i scuss ion .  

Decomposition of Energy Matrix Elements i n t o  O r b i t a l ,  

I n t r i n s i c  Spin, and I so top ic  Spin Components 

A s  shown i n  Appendix By the matr ix  elements of opera tors  i n  t h e  

h o l e - p a r t i c l e  conf igura t ion  a r e  reduced t o  matrix elements of ope ra to r s  

i n  the  p a r t i c l e - p a r t i c l e  conf igura t ion  wi th  the  r e s u l t  

1, 1 
= (25‘ 4- 1)(2T’ + 1) 

J’, T’ 2 2  

Wri t ing the  genera l  t e r m  of the scalar  i n t e r a c t i o n  as 

and i s o l a t i n g  the  i s o t o p i c  sp in  dependence of t h e  matrix elements by use 

of Eqs. (A.14), (A.l8D), ( A . 5 ) ,  and (A.6), we f i n d  t h e  above may be ex- 

pressed as  
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The matr ix  elements i n  t h i s  equation could be evaluated by performing a 

t e n s o r  expansion of t he  funct ion V ( l r 1  - r21) and recoupling the  angular  

momentum p a r t  of t he  p o t e n t i a l  operator  i n t o  a product of a func t ion  of 
5 'c. 

t h e  coordinates  of t h e  f i r s t  p a r t i c l e  and a func t ion  of t he  coordinates  

of t he  second p a r t i c l e .  A somewhat easier approach, however, is t o  11 

transform the s t a t e  vec to r s  from t h e  j - j  t o  t h e  L-S coupled r e p r e s e n t a t i o n  

by means of Eq. ( A . 8 ) .  Accordingly, w e  f i n d  
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The i n t r i n s i c - s p i n  po r t ion  of the above matrix element may be evaluated 

from Eqs. ( A . 1 4 ) ,  (A.l8D), and (A.3) w i t h  the  r e s u l t  

From Eq. (A,lSA) and (A.15B) ' t h e  reduced matr ix  elements of the 

i n t r i n s i c  s p i n  and i s o t o p i c  spin ope ra to r s  are evaluated t o  be 

Hence using Eqs. (11.2), (11.3)y and (11.4)y w e  f i n d  t h a t  t h e  matr ix  

elements of t h e  gene ra l  s c a l a r  i n t e r a c t i o n  p o t e n t i a l  of Eq. (1.3) is  

given by 
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1 .  
R~~ $ j ,  2 J 1  

(2J'+1) { j j1 l'j2 j2 'J' '} A ( $ j 2 ' ]  A ( R2 z j 2  ) S J  S J' L,S,J '  

(11.5) 

For t h e  Serber  exchange mixture, def ined by a l  = a2 = a3 = -0 .125,  

a. = 0.375, a n  expression f o r  the energy matrix elements which is  no t  

immediately obvious from E q .  (11.5) may be  der ived by use of the permu- 

t a t i o n  ope ra to r s .  L e t t i n g  
a 



, 

2 1  

w e  f i n d  by the  same methods used prev ious ly  that 

Since 

i t  follows that the  ma t r ix  elements f o r  a s c a l a r  p o t e n t i a l  w i th  a Serber  

exchange mixture i s  given by 

The decomposition of t h e  matr ix  elements of t h e  vec to r  i n t e r a c t i o n  

p o t e n t i a l  may be accomplished by the  same procedures as those  used f o r  

t he  s c a l a r  i n t e r a c t i o n .  The major d i f f e r e n c e  i n  t h e  two cases  occurs i n  



. 

t h e  eva lua t ion  of t he  reduced matrix element of 

ope ra to r .  For the  s p i n  component of t h e  v e c t o r  

from Eqs. (A.18B) and (A.18C) 

22 

t h e  i n t r i n s i c - s p i n  

p o t e n t i a l ,  w e  o b t a i n  

L 

From t h e  t r i a n g u l a r  condi t ions on the  6 - j  symbol and t h e  [(-1) S +(-1) S'I 

f a c t o r ,  i t  follows t h a t  the only nonzero va lue  of t h i s  matr ix  element 

occurs f o r  S = S' = 1. Hence we f i n d  

= 2Jz 6 ( S y 1 ) 6 ( S ' , l ) .  1 1  1 1  ( S I  le1+g2I 12 2 S') 

Therefore,  t h e  ma t r ix  elements of  t he  vec to r  i n t e r a c t i o n  p o t e n t i a l  a r e  

<31 j2~JmT(  v i l 2  v (r) IT, ' j2 'JMJTMT) 

- - (-l)J'+L'+l (25'4-1) 

J ' L ' L  
1 J '  

a i  j l  

x A(..' 1 j 2 )  [(R1'R2LI IAJ(r)l 

L '  1 J '  

+ (-1)'1+'2 '-L'26 (T,O)(,tl'A2LI (&V(r) I 'J31L1)1. 

The ma t r ix  elements f o r  the h o l e - p a r t i c l e  i n t e r a c t i o n  have now 

been reduced t o  funct ions of matrix elements of t h e  o r b i t a l  po r t ion  of 

t h e  p o t e n t i a l  ope ra to r s .  Thus f a r  w e  have used no assumptions concern- 

i ng  t h e  n a t u r e  of t he  nuclear  p o t e n t i a l  w e l l .  To eva lua te  the  ma t r ix  

elements of t h e  o r b i t a l  port ion of t h e  i n t e r a c t i o n  p o t e n t i a l ,  however, 

w e  w i l l  employ t h e  harmonic-oscil lator wave func t ions ,  and our c a l c u l a -  

t i o n s  w i l l  be only approximately v a l i d  f o r  t he  t r u e  nuc lea r  p o t e n t i a l .  
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Evaluation of O r b i t a l  Matrix Elements 

by Use of Transformation Brackets 

The eva lua t ion  of t he  o r b i t a l  ma t r ix  elements i s  complicated by 

t h e  f a c t  t h a t  t he  operators  a r e  funct ions of t he  r e l a t i v e  coordinates ,  

1x1 - 51 and lel - x2 I ,  whereas the s t a t e  vec to r s  are  e s s e n t i a l l y  

products of a funct ion of z1 and a funct ion of 22. 

t h e  s o l u t i o n  of t h i s  problem i s  t o  reduce t h e  matr ix  elements t o  a 

One approach t o  

sum of S l a t e r  i n t e g r a l s  by using a t enso r  expansion of t h e  i n t e r a c t i o n  

t o  f a c t o r  t h e  angular  dependence of t he  p o t e n t i a l  ope ra to r  i n t o  a funct ion 

of (0,,91) and a funct ion of (82,Q)2). 
10 

A s impler  approach u t i l i z e s  t h e  

t ransformation 

where Infim,) and \ q i M g )  a r e  functions only of t h e  r e l a t i v e  and t h e  cen te r -  

of-mass coordinates  r e spec t ive ly .  This expansion can be made i n  closed 

form only f o r  harmonic-osci l la tor  wave func t ions .  22 

(nA,a&,Llnlal,n2a2,L) is ca l l ed  t h e  Moshinsky t ransformation b racke t  and 

i t s  eva lua t ion  i s  discussed i n  Appendix C. 

The f a c t o r  

Using Eq. (2.8), w e  f ind  for  a gene ra l  p o t e n t i a l ,  V(r ,p) ,  

x (na,%i,mIV(r ,p)  (nla;nlint ,W. 
The matr ix  elements i n  t h e  center-of-mass and r e l a t i v e  coordinates  con- 

f i g u r a t i o n  a re  e a s i l y  evaluated by t h e  techniques of Racah a lgeb ra .  For 



- 1  

24 

t h e  o r b i t a l  po r t ion  of t h e  s c a l a r  i n t e r a c t i o n  p o t e n t i a l  w e  f i n d  by 

us ing  f i r s t  E q s .  (A.14) and (A.18B) and then Eqs . (A.3) and (A. 15A) 

t h a t  

where 

Therefore  t h e  matrix element of t h e  o r b i t a l  p o r t i o n  of  t h e  scalar i n t e r -  

(2.11) 

x Ro(nk,n ' i ) .  

Applying conserva t ion  of energy t o  Eq.  (2.8) w e  f i n d  t h a t  

2n1+11+2n2+~2 = 2n+i+2Gn+bQY 

and hence n and n '  i n  E q .  (2.10) are  r e l a t e d  by 

n -n = "1 '-n1+"2 -n2+1 (a1 '+a2 ' - ~ 1 - ~ 2 > .  (2.12) 
2 

For  t h e  v e c t o r  i n t e r a c t i o n  p o t e n t i a l  w e  f i nd  i n  a s imi la r  manner t h a t  

= ( -1p+i+L'+q (2L+l) (2L'+l)k (d+l) (2k+l) l3  
nk 

x (nk ,%$ , L I n l k l  , 11242, L) ( n  ' A  ,%pf , L ' I n l  ' k l  ' , n2 'A2 ' , L ' ) R1 (nk , n ' A )  . 
Once aga in  n and n '  are r e l a t e d  by Eq . (2.12) . 

(2.13) 



25 

Evaluation of Radial  I n t e g r a l s  

The components of theenergymatr ix  have now been reduced t o  functions 

of t h e  r a d i a l  i n t e g r a l s  RK(nA,n'A), These i n t e g r a l s  can be evaluated i n  

t h e  form given by Eq. (2.10), b u t  i t  is more convenient t o  reduce them 

t o  l i n e a r  combinations of T a l m i  i n t e g r a l s ,  i . e . ,  t o  expand t h e  r a d i a l  

i n t e g r a  1s by 

where t h e  T a l m i  i n t e g r a l s  IK a r e  def ined by 
P 

K 

From Eq. (1.13) w e  f i nd  

where b '  = b .  

The constants  B(nA,n'R,p) a r e  found t o  be23 

I (-1)~-'(2p+1> I n!n' I (2n+2~+1) I (2n '+2~+1) I 

(n+A) ! (n ' + A )  ! (P!) I 2n in  ' B(nA,n'R,p) = 

(A+k) ! (p-k) ! 

k=r k! (2A+2k+l) ! (n-k) ! (2p-2ktl) ! (n'-p+A+k) ! (p-A-k) ! 

where 

r = max (o,p-A-n) 

s = min (n,p-A) 

(2.14) 

(2.15) 

To proceed f u r t h e r  i n  t h e  eva lua t ion  of t h e  r a d i a l  i n t e g r a l s  w e  must 

introduce t h e  e x p l i c i t  r a d i a l  dependence of t h e  mutual i n t e r a c t i o n  poten- 

t i a l .  For t h e  Yukawa w e l l  used i n  t h e  s c a l a r  i n t e r a c t i o n  p o t e n t i a l ,  w e  

f i n d  by s u b s t i t u t i n g  



r - -  
Y e a  

v (r) = V k  
h 
a 

i n t o  E q .  (2.15) and l e t t i n g  

b ‘  x =  X i  + -  
b 2a 3 

t h a t  t he  T a l m i  i n t e g r a l  Iy may be expressed as 
P 

where p = b ’ / ( 2 a )  and 

For p = 0 and p = 1 w e  f ind 

w i t h  

26 

(2.16A) 

(2.16B) 

2 
e-x dx. e r f c  (p,) = J‘ - 

n P  

The remainder of t h e  T a l m i  i n t e g r a l s  f o r  t h e  Yukawa p o t e n t i a l  can be  found 

from the  recurrence r e l a t i o n  24 

2 2+3 IY (p,) = C(2+ ) I p @ )  -I (p)] 
P+l 2p+3 2P P - 1  

(2.16C) 

The r a d i a l  i n t e g r a l s  f o r  the v e c t o r  i n t e r a c t i o n  p o t e n t i a l  are more 

complex and s a t i s f y  no general  recurrence r e l a t i o n .  Fo r tuna te ly ,  however, 

we a r e  i n t e r e s t e d  i n  only three of t h e s e  i n t e g r a l s .  S u b s t i t u t i n g  E q . a . 7 )  

i n t o  E q .  (11.15), we f i n d  the  Talmi i n t e g r a l s  f o r  t h e  v e c t o r  p o t e n t i a l  a r e  
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These i n t e g r a l s  may be evaluated i n  terms of e r r o r  func t ions .  

Applicat ion to  t h e  0l6 and N16  Nuclei 

The formalism has now been developed f o r  the computation of t h e  

energy matr ix  f o r  n u c l e i  t h a t  can be  descr ibed by a p a r t i c l e - h o l e  config-  

u r a t i o n .  The parameters of the mutual i n t e r a c t i o n  p o t e n t i a l  are t h e  

same f o r  a l l  such n u c l e i ,  so  t h a t  only two types of cons t an t s  must be 

determined f o r  each ind iv idua l  nucleus: (1) t h e  harmonic-osci l la tor  

l eng th  b which determines t h e  nuclear  r ad ius ,  and (2) t h e  s p i n - o r b i t  

s p l i t t i n g  parameters 5 and 5h' 

l a t t e r  i f  t h e  p a r t i c l e  o r  hole  s ta tes  are i n  degenerate  o s c i l l a t o r  con- 

f i g u r a t i o n s  .) 

has been found t o  he  b = 1 . 7 1 F .  and t h e  s p i n - o r b i t  s p l i t t i n g  parameters 

t o  be5 5 

(There may be  more than two of t h e  P 

For t h e  0l6 and N16 n u c l e i  t he  harmonic-osci l la tor  l eng th  

8 

= -4.22 MeV and cod = -2.03 MeV. OP 

Within t h e  framework of  bur assumptions, t h e  only d i f f e r e n c e  between 

t h e  n u c l e i  of 0l6 and NJ6 is t h a t  t h e  i s o t o p i c  s p i n  p r o j e c t i o n  quantum 

number MT of 0l6 i s  0 and of N16 i s  -1. Following from t h i s ,  t he  lowest-  

lying exc i t ed  states of 0l6 a r e  found t o  have the  t o t a l  i s o t o p i c - s p i n  
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We a l s o  assume quantum number T = 0 and those of E l 6  t o  have T = 1. 

t h a t  both n u c l e i  can be described completely i n  terms of t h e  following 

b a s i s  s ta tes :  

.- 

L L  

One unusual f e a t u r e  enter ing our c a l c u l a t i o n s  concerns t h e  co r -  

r e c t i o n  which must be appl ied f o r  t he  motion of t he  c e n t e r  of mass as 

a whole. It has been shown25 t h a t  b a s i s  s ta tes  of mixed conf igu ra t ions  

constructed according t o  the  usual shell-model p r e s c r i p t i o n  may con ta in  

components desc r ib ing  d i f f e r e n t  s ta tes  of motion of t he  center-of-mass.  

C e r t a i n  l i n e a r  combinations of t h e  b a s i s  s ta tes  must be r e j e c t e d  because 

they r e f e r  t o  lower s ta tes  of i n t e r n a l  motion i n  o v e r a l l  t r a n s l a t i o n a l  

motion, Hence, a new set of bas i s  vec to r s  which r e f e r  only t o  t h e  

lowest energy of t h e  cen te r  of mass must be  cons t ruc t ed .  

16 
It is shown i n  Appendix D t h a t  i n  t h e  J = 1, T = 0 s ta te  of 0 

a n  exc i t ed  center-of-mass motion corresponds t o  the  s t a t e  v e c t o r  

" 
2 2  2 2  W 

(11.18) 

a- - + - lop3 0d5 ~ M ; O O )  . - -  
- , - I  

2 
L L  
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The accep tab le  b a s i s  vec to r s  corresponding t o  lowest center-of-mass 

energy are 

L L  

Jij ;  I$,> = 6 

f i  - -  
l o  

(II.19A) 

(II.19B) 

(II.19C) 

2 2  

L L  L L  

(II.19D) 

2 2  

One may c o r r e c t  f o r  t h e  center-of-mass motion e i t h e r  by c a l c u l a t i n g  t h e  

energy matr ix  using t h e  vectors  given i n  Eq. (11.19) as b a s i s  v e c t o r s  o r  

by c a l c u l a t i n g  t h e  energy matrix i n  t h e  o r i g i n a l  se t  of b a s i s  v e c t o r s  

and then transforming i t  s o  t h a t  t h e  spurious s ta te  can be  dropped. 

With the  exception of t h e  s p i n - o r b i t  s p l i t t i n g  and t h e  cha rac t e r  

of t h e  exchange mixture  associated w i t h  t h e  scalar i n t e r a c t i o n  p o t e n t i a l ,  

a l l  parameters involved i n  c a l c u l a t i n g  t h e  energy matrices of 0 l 6  and 

N16 must be s p e c i f i e d  only during t h e  eva lua t ion  of t h e  r a d i a l  i n t e g r a l s .  
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Therefore  i t  is  u s e f u l  t o  express the  mat r ix  elements f o r  t h e  s c a l a r  

i n t e r a c t i o n  wi th  a Serber  exchange mixture and f o r  t he  v e c t o r  i n t e r -  

a c t i o n  a s  func t ions  of t he  Talmi i n t e g r a l s .  The c o e f f i c i e n t s  Ni and 

C i  def ined by 

(II.20A) 

so so so so so so = N2 [C, I1 -!- C2 I2 + c3 13 (II.20B) 

so so so so - 26 (T,O) (C1 so ISO 1 + c4 I2 + c3 I3 )] . 

may be evaluated by the  methods ou t l ined  i n  t h i s  chap te r .  Tables f o r  

t h e  necessary A-coef f ic ien ts ,26  t h e  6 - j  symbols,27 and the  3- j  symbols, 

have been publ ished.  The r e s u l t s  of these  c a l c u l a t i o n s  are l i s t e d  i n  

Table I. 

28 

The eva lua t ion  of t he  Talmi i n t e g r a l s  i n  E q .  (11.20) f o r  t h e  range 

parameters l i s t e d  i n  Chapter I may be performed by use of E q s .  (11.16) 

and (11.17). Retaining the  i n t e r a c t i o n  s t r e n g t h s  as f r e e  v a r i a b l e s ,  w e  

f i nd  t h e  i n t e g r a l s  t o  be 
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S Ios = 0.127 V, IlS = 0.036 Vs I2 = 0.015 V, 

Iot = 0.180 Vt Ilt = 0.057 Vt 12t = 0.026 Vt 

so I1 = 0.029 Vso 
so I2 = 0.006 Vso 

S O  
I3 = 0.002 vso 

In  accordance wi th  t h e i r  experimentally ind ica ted  va lues ,  Vs and 

V 

t o  40 MeV. The eigenvalues and e i g e n s t a t e s  of t he  r e s u l t i n g  energy 

mat r ices  were ca l cu la t ed  on the  Univac 1107 Computer a t  t he  Univers i ty  

of Alabama Research I n s t i t u t e .  

were var ied  from -30 MeV t o  -60 MeV and Vso w a s  va r i ed  from 0 MeV t 



CHAPTER I11 

COMPARISON OF THEORETICAL PREDICTIONS 

WITH EXPERIIBNTAL DATA 

An a n a l y s i s  of t h e  importance of t h e  v e c t o r  i n t e r a c t i o n  p o t e n t i a l  

t o  t he  0l6 and N 1 6  n u c l e i  is complicated both by experimental  ambi- 

g u i t i e s  and by t h e o r e t i c a l  approximations. Nevertheless,  q u a l i t a t i v e  

conclusions may c l e a r l y  be drawn from a comparison of t h e o r e t i c a l  

p r e d i c t i o n s  wi th  experimental  da t a .  In t h i s  chapter  the inf luence of 

t he  v e c t o r  i n t e r a c t i o n  p o t e n t i a l  on the energy l e v e l s  and on the b e t a -  

decay and muon-capture t r a n s i t i o n  r a t e s  i s  d i scussed .  An i n v e s t i g a t i o n  

of the electromagnet ic  t r a n s i t i o n s  w a s  performed by E l l i o t t  and Flowers, 

b u t  co r rec t ions  f o r  t h e  c o l l e c t i v e  o s c i l l a t i o n s  of t he  c losed - she l l  

co re  were found necessary.  Hence, an a c c u r a t e  t reatment  of t h i s  e f f e c t  

is  beyond the  scope of t h i s  work. 

4 

Energy Levels 

A s tudy of t h e  abso lu te  energy of t he  nuc lea r  s ta tes  r e q u i r e s  a n  

accu ra t e  determinat ion of t h e  binding ene rg ie s  of t h e  p a r t i c l e  and hole  

s ta tes .  Previous inves t iga t ions  of t hese  n u c l e i  have used binding 

ene rg ie s  found experimental ly  or have merely chosen the  binding energy 

giving the  b e s t  t h e o r e t i c a l  p red ic t ions .  Obviously, however, these 

procedures do not  add ma te r i a l ly  t o  the theory,  and accordingly,we 

i n v e s t i g a t e  only the  s p l i t t i n g  of t he  energy l eve l s , s ince  t h i s  may be 
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done en i r e l y  w i t h i n  the  framework of our previous assumptions. 

A t  t he  o u t s e t  of the comparison of t h e  energy l e v e l s  w i th  expe r i -  

ment, it must be noted t h a t  such neglected processes as t h e  Coulomb i n t e r -  

a c t i o n  between protons have a greater inf luence on some of the energy 

l e v e l s  than does the vec to r  i n t e r a c t i o n  p o t e n t i a l .  This is obvious from 

a comparison of t he  T = 1 s t a t e s  of 0l6 and N16 ,  which according t o  the  

assumptions of t h i s  work should be i d e n t i c a l .  However, t he re  i s  a s h i f t  

i n  t he  re la t ive ene rg ie s  of the l e v e l s  of as much as 0 . 3  MeV between 

t h e  two n u c l e i .  This i s ,  i n  some cases, g r e a t e r  than the  s h i f t  caused 

by the v e c t o r  i n t e r a c t i o n  p o t e n t i a l .  

The r e l a t i v e  energy l eve l s  of the T = 0 s ta tes  of 0l6 are  presented 

i n  Table 11. A s  can be seen,  the t h e o r e t i c a l  p r e d i c t i o n  of t h e  0- and 

2' energy l e v e l s  using parameters i nd ica t ed  by s c a t t e r i n g  experiment 

are about 1 MeV too  high.  However, the energy l e v e l s  of a l l  states are  

p red ic t ed  reasonably w e l l  f o r  s e v e r a l  sets of i n t e r a c t i o n  s t r e n g t h s ,  

two of which are 

Vt = -40 MeV Vs = -35 MeV Vso = 15 MeV 

and 

V = -40 MeV Vso = 20 MeV. 
S 

V = -45 MeV 
t 

The energy l e v e l s  f o r  Vt = -45 MeV and Vs = -40 MeV and extreme 

cases of t he  v e c t o r  i n t e r a c t i o n  s t r e n g t h  are a l s o  l i s t e d  i n  Table 11. 

Although the  inf luence of t h e  vec to r  i n t e r a c t i o n  p o t e n t i a l  on the  0- 

and 2- s t a t e s  is too small t o  b e  of importance, i t s  e f f e c t  on t h e  1- 

s ta te  i s  pronounced. This is s i g n i f i c a n t  because t h e  l a r g e s t  e r r o r  

f o r  Vso = 0 occurs i n  the 1 

provides a good approximation f o r  t he  energy of the s t a t e .  

- 
level ,  and a value of Vso = 15-20 MeV 
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TABLE I1 

ENERGY SPLITTINGS FOR T = 0 

I n t e r a c t i o n  
Strengths  

Vt VS vso 

-50 -45 30 

-40 - 35 15 

-45 -40 20 

-45 -40 0 

-45 -40 30 

E l l i o t t  -Flowersa 

Duck 

G i l l e t '  

Experimenta 1 

b 

d 

See re ference  4 .  a 

bSee re ference  5 .  

'See re ference  6 .  

dSee re ference  30. 

Energy Re la t ive  
t o  3' Level 

0- 

(MeV) 

5.76 

4.49 

5.08 

5.33 

4.95 

7 .O 

. .  
3 . 8  

4.80 

- 

1- 

0.97 

1 .oo 
0.82 

1.87 

0.17 

2 . 1  

e .  

-1.2 

0.97 

2 -  

3.77 

2 . 8 2  

3 .11 

3.10 

3.12 

4.2 

5 . 8  

3 .2  

2.74 
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Interaction 
Strengths 

TABLE I11 

ENERGY SPLITTINGS FOR T = 1 

Vt vS vso 
(MeV) 

-5 0 -45 30 

-40 -35 15 

-45 -40 20 

-45 -4 0 0 

-45 -40 30 

a 
E l l i o t t  -Flowers 

Duckb 

Gi l l e t C  

OI6 
Experimenta 1 d 

NI6 

Energy Relative 
to 2 -  level  

0.50 

0.21 

0.30 

-0.21 

0.72 

-0.1 

2.8 

0.7 

-0.18 

0.12 

~~ 

0.38 

0.21 

0.05 

0.79 

-0.23 

0.6 

1.4 

0.6 

0.13 

0.39 

0.57 

0.19 

0.33 

-0.02 

0 . 6 0  

-0.2 

1.2 

-0.2 

0.29 

0.29 

Total 
S p l i t t i n g  

0.57 

0.21 

0.33 

1.00 

0.95 

0.8 

2.8 

0.9 

0.47 

0.39 

aSee reference 4. 

‘See reference 5. 

‘See reference 6 .  

dSee reference 30. 
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The energy levels of the T = 1 states are t o o  c l o s e l y  packed t o  

make meaningful p r e d i c t i o n s  about t h e i r  o rde r .  However, t he  t o t a l  energy 

s p l i t t i n g  of t h e  states is  approximately t h e  same f o r  both 0 l 6  and N 16 , 

and i t  i s  i n s t r u c t i v e  t o  determine t h i s  s p l i t t i n g  f o r  va r ious  choices 

of t h e  i n t e r a c t i o n  s t r e n g t h  parameters. As can be observed i n  Table 111, 

t h e  e f f e c t  of i nc reas ing  Vso i s  f i r s t  t o  decrease the  t o t a l  energy 

s p l i t t i n g  and then t o  produce a spreading of t he  energy levels of t h e  

f o u r  states.  

10-25 MeV provides an approximately c o r r e c t  t o t a l  energy s p l i t t i n g .  

For Vt = -45 MeV and V, = -40 MeV, a value of Vso of 

Pr imari ly  due t o  the  form of the  s c a l a r  i n t e r a c t i o n  p o t e n t i a l ,  

t he  energy levels obtained by our  model of t he  nucleon-nucleon i n t e r -  

a c t i o n  are a no tab le  improvement over those of previous s t u d i e s  of 0 16 

and N 1 6 .  The v e c t o r  i n t e r a c t i o n  p o t e n t i a l  has only a small in f luence  

on the  energy l e v e l s ,  but  it does enable us t o  decrease our  l a r g e s t  

e r r o r  from about 1 MeV t o  about 0.4 MeV.  The b e s t  t h e o r e t i c a l  predic-  

t i o n s  occur f o r  va lues  of t he  vector  i n t e r a c t i o n  s t r e n g t h  of 15-20 MeV. 

16 Beta Decay of 2-  Level of N 

.r 

The 2' l e v e l  of N l 6  decays by a be t a  t r a n s i t i o n  t o  the 6'" (ground), 

3', 2', and 1- levels of 0 l6  with branching r a t i o s  as shown i n  F ig .  1. 

2 -  

N16 016 

F ig .  1. Beta decay of N 1 6  
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The beta decays t o  the  exc i t ed  s t a t e s  of 0 l6  are allowed t r a n s i t i o n s  

s i n c e  IJ-J'I = 0,1 and R = n ' .  

s t a t e  of 016 is  cha rac t e r i zed  by I J-J'I = 2 and a change i n  p a r i t y  and 

hence is f i r s t  -f orbidden unique. 

However, the t r a n s i t i o n  t o  the ground 

29 Employing a sphe r i ca l - t enso r  n o t a t i o n  f o r  t he  beta-decay ope ra to r s ,  

w e  f i n d  t h a t  t he  f o t  value f o r  an allowed t r a n s i t i o n  from a s t a t e  

; jl j2 ' J I M J ' ;  1-1) t o  a state I jl jamJ; 00) i s  given by ( i n  u n i t s  

determined by fi = 

- 3- 

= c = 1) 

-f - (2jl+1) ( j l  1 Iy0I  lj ,)] 

J+jl +j2 1 { y 2  J 1) - -  A [(-I)  
( j 2  I Is1u.l l j 2  7 

2 J+1 j2 jl 

+ ( 4 ) J 1 + j I + j 2  { ;l ' 'T' 1) (j l  ' I  I S l O l  1j1)13-a 
Jl J2 

where G and hG 

cons tan t s  r e s p e c t i v e l y ,  Y is a s p h e r i c a l  harmonic, and 

are the v e c t o r  and axial  v e c t o r  beta-decay coupling 
m 

.e 

I n  a l i k e  manner, t he  fl t value f o r  a f i r s t - f o r b i d d e n  be ta  t r a n s i t i o n  

from a s ta te  I j l ' j 2 J ' M J ,  1-1) t o  a closed s h e l l  i s  found t o  be 
- 

The va lues  of t he  cons t an t s  used i n  our c a l c u l a t i o n  are G = 3.09 x 

10-l" and 1 = 1.18. The reduced matr ix  elements i n  Eqs. (3.1) and 

(3.2) are found t o  be 
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and 

where 

Fn = P"RR'dr. 

The log f t  va lues  f o r  t he  be ta  decay from N 1 6  t o  OI6 a r e  tabula ted  

i n  Table IV f o r  var ious  s e t s  of parameters. An inc rease  i n  the  vec to r  

i n t e r a c t i o n  s t r e n g t h  is  seen t o  produce an  improvement i n  t h e  theo- 

r e t i c a l  p red ic t ions  of t he  2-43', t he  2-42-, and the  2'40+ decays. 

However, t he  inf luence  of t h e  vec tor  p o t e n t i a l  on these  t h r e e  decays 

is small compared t o  t h a t  of t h e  s c a l a r  p o t e n t i a l ,  and good approximations 

a r e  obtained even f o r  Vso = 0. 

a decided e f f e c t  on the  2-41- beta  decay, and he re in  i s  found perhaps 

t h e  b e s t  argument fo r  t h e  inc lus ion  of t h e  two-par t ic le  s p i n - o r b i t  

i n t e r a c t i o n  i n  the  mutual i n t e r a c t i o n  p o t e n t i a l .  Although, a s  seen i n  

F i g .  2 ,  t he  exac-2 experimental  r e s u l t s  a r e  not  pred ic ted  f o r  any reason- 

a b l e  va lue  of t h e  vec to r  i n t e r a c t i o n  s t r e n g t h ,  t he  t h e o r e t i c a l  f t  va lue  

of t he  2-41- decay is reduced from about 800 times i t s  experimental  

va lue  t o  less than 4 t i m e s  i t s  experimental  va lue  as the  vec to r  i n t e r -  

a c t i o n  s t r e n g t h  i s  increased  from 0 t o  20 MeV. Since t h i s  b e t a  decay 

occurs  i n  n e i t h e r  t he  j-j nor  the L-S coupl ing extremes, i t  is  ve ry  

s e n s i t i v e  t o  the  exac t  form of the  nucleon-nucleon i n t e r a c t i o n ,  and the  

inc lus ion  of such e f f e c t s  a s  the  t enso r  i n t e r a c t i o n  and the  Coulomb 

i n t e r a c t i o n t i n  a d d i t i o n  t o  a more a c c u r a t e  eva lua t ion  of a l l  parameters l  

is obviously necessary t o  produce s t r i c t l y  c o r r e c t  r e s u l t s .  

i t  is d i f f i c u i t  t o  determine Vso exac t ly ,  bu t  a va lue  of 15-25 Xe'v' is 

I n  c o n t r a s t ,  t he  v e c t o r  i n t e r a c t i o n  has 

Accordingly, 
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TABLE I V  

LOG f t  VALUES FOR BETA DECAY OF N16 

Interaction Strengths 

(MeV) 

vt vso 

-5 0 -45 30 

-40 -35 15 

-45 -40 20 

-45 -40 0 

-45 -40 30 

E l l i o t  t -F lowersa 

Duckb 

G i l  l e  tC 

Pure j-j 

Experimenta 1 d 

aSee reference 4. 

bsee reference 5. 

'See reference 6. 

dSee reference 30. 

2 -41- 

5.40 

6.03 

5.58 

7.73 

5.40 

7.9 

. .  
7 413 

m 

5 . 1  

2 -*2 - 

4,39 

4.29 

4.37 

4.21 

4.45 

4.2 

4.81 

4.32 

3.95 

4.4 

2'+3' 

4.67 

4.57 

4.62 

4.68 

4.60 

4.65 

4.15 

4.74 

4.43 

4.6 

2 -,o+ 

8.07 

7.97 

8.03 

7.92 

8.07 

7.88 

8.38 

7.87 

7.68 

8 .O-8.2 
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8.0 

7.5 

7 .O 

6 .5  

6 .O 

5 . 5  

5 .O 

4 . 5  

4 . 0  
0 

EXPERIMENTAL ----------- 

I I I I I I 

5 25 30 

Fig. 2.- -  Log f t  for 2-41' Beta Decay 
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needed t o  produce an  o v e r a l l  gcod a p p r o x i m t i o n  to experimental  d a t a .  

0 ~ 6  Muon-Capture Rates 

A s i n g l e - l e v e l  muon-capture c a l c u l a t i o n  f o r  0 l6  wi th  co r rec t ions  

f o r  e f f e c t s  of f i n i t e  nuclear  s i z e  and r e l a t i v i s t i c  muon wave func t ions  

has been performed by Jacob.31 Taking the  induced t enso r  form f a c t o r  

gT t o  be zero and the  induced pseudoscalar form f a c t o r  gp t o  be 81, 

where h = 1 . 2 2 ,  w e  f i n d  the  muon capture  r a t e s  t o  the  0’, l’, and 2’ 

l e v e l s  of N16 t o  be, r e spec t ive ly ,  

I\, = 1.807 x 105 [0.1126 A, - 0.2441 Eo? ,  

A, = 1.797 x lo5 CC0.0715 A1 + 0.3544 B1 + 0.2066 D, + 0.4085 E, 

- 0,0255 Fl]” + [0.1596 4 
+ 0.1435 E, 

.. 0.0520 Bl - 0.0215 D, 

- 0.4063 F1]”], 

= 1.793 x lo5 CC0.0998 Bz+ 0.3876 C2 + 0.2117 Da - 0.1514 E2 

4- 0.3600 F2]2 + C0.0776 Bz + 0.1241 Cz 9 0.0218 Da 

- 0.0789 Ea 9 0.1129 F2I2] 

where the  c o e f f i c i e n t s  a r e  defined by 

- + E J I F O d  JM) + FJIOp Od JM> . 
The r e s u l t i n g  capture  r a t e s  f o r  va r ious  sets of i n t e r a c t i o n  s t r e n g t h s  

a r e  presented i n  Table V.  Comparison of t h e  t h e o r e t i c a l  r a t e s  w i th  ex- 

periment i s  complicated by the  f a c t  t h a t  a determinat ion of t he  capture  

r a t e s  by Astbury, e t  a l . ,  32 a t  t he  Lawrence Radiat ion Laboratory i n  

Berkeley r e s u l t e d  i n  values  d i f f e r e n t  from those obtained by Cohen, Devons, 

and K a n a r i ~ ~ ~  a t  Columbia Universi ty .  This ambiguity occurs p r i n c i p a l l y  

i n  the  t r a n s i t i o n  t o  the  0’ s t a t e ,  which is independent of t h e  v e c t o r  
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~ 

V t  VS vso 

-5 0 -45 30 

-40 - 35 15 

-45 -40 20 

-45 -40 0 

-45 -40 30 

E 1 l i o  t t -F lowers 

Duck' 

G i l  letd 

Pure j-j 

Experiment Ae 

b 

Experiment B f 

TABLE V 

0 l 6  MUON CAPTURE RATESa 

1 . 7 1  

1 .78  

1 . 7 3  

1 .73 

1 . 7 3  

2.87 

1.26 

2.27 

2.29 

1 .6  a 0,2 

1.1 & 0.2  

1 .44 

1 .87  

1.50 

3.12 

1.08 

3.93 

1 .87  

2 . 1 2  

5.50 

1.40 f 0.20 

1.73 & 0.10 

13.3 

16.3 

14.4 

1 7 . 7  

13.5 

19.1 

5.78 

19.5 

29.7 

. .  
6.3 f 0.7 

a ~ l ~  capture  r a t e s  a r e  i n  u n i t s  of 103 sec-1 .  

bSee re ference  4.  

%ee re ference  5 .  

dSee re ference  6 .  

eSee reference  32. 

fSee reference  33. 
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0 5 10 15 20  25 30 
V (MeV) so 

Fig.  3 . - -  Muon Capture Rate t o  1- Level of N 16 

Kegion A corresponds t o  the experimental resul ts  of 

Cohen, Devons, and Kanaris and region B t o  those of Astbury 

et  a l .  
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i n t e r a c t i o n  p o t e n t i a l .  

d i c t e d  by our model agrees  w i t h  t h a t  of Astbury, - e t  ,.) a 1  but  i s  about 

1 .5  t i m e s  tha t  of t he  Columbia group. A s tudy  of the  t r a n s i t i o n  t o  the  

1' s t a t e  of N 1 6  i s  more i n s t r u c t i v e ,  however, s i n c e  the  l'$ I s  evaluated 

by the  two experiments almost overlap.  A s  seen i n  F i g .  3 ,  t h i s  t r a n s i -  

t i o n  r a t e  f o r  V 

experimental  va lue .  An increase i n  the  vec to r  i n t e r a c t i o n  s t r e n g t h  

produces a decrease i n  t h e  t h e o r e t i c a l  t r a n s i t i o n  rate, and f o r  va lues  

of Vsa between 15 and 25 MeV the 1' capture  r a t e s  of t he  two experiments 

a r e  p red ic t ed .  I n  c o n t r a s t ,  the measured by the  Columbia group is  

una t t a inab le  using our  model of t h e  nucleon-nucleon f o r c e .  

i nc rease  i n  the  v e c t o r  i n t e r a c t i o n  s t r e n g t h  produces a d e f i n i t e  improve- 

ment i n  the  p red ic t ed  b ,  t he  t h e o r e t i c a l  r a t e  f o r  a l l  reasonable  

parameters remains about twice the  experimental  r a t e .  The Berkeley 

group, whose A, w a s  pred ic ted  by our  model, did not  measure % .  

For reasonable va lues  of Vs and Vt t he  ho pre-  

= -45 MeV, V t S 
= -40 MeV, and Vso = 0 is  about twice the  

Although an 

The muon capture  r a t e s  obtained i n  t h i s  i n v e s t i g a t i o n  a r e  i n  every 

case  an  improvement over those of E l l i o t t  and Flowers and of G i l l e t .  

However, t he  capture  rates ca l cu la t ed  by use of Duck's wave func t ion .  

provide a good approximation t o  t h e  experimental  r e s u l t s  of Cohen, 

Devons, and Kanaris .  The poor experimental  agreement obtained by Duck 

i n  energy l e v e l  and beta-decay computations i n d i c a t e s  t h a t  h i s  success  

i n  muon capture  may be l a r g e l y  co inc iden ta l ,  bu t  a more accu ra t e  expe r i -  

mental eva lua t ion  of the  muon-capture r a t e s  i s  obviously necessary  t o  

e l imina te  completely the  confusion. 

Conclusions 

The comparison of t h e o r e t i c a l  p red ic t ion  w i t h  experiment shows 
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t h a t  t he  two-par t ic le  vec to r  i n t e r a c t i o n  e x e r t s  a s i g n i f i c a n t  in f luence  

on s e v e r a l  p r o p e r t i e s  of t he  0l6 and N 1 6  n u c l e i .  

of t hese  is the  reduct ion  of the f t  va lue  of the  2-41-  be t a  decay 

from 800 t i m e s  i ts experimental  va lue  f o r  VSO = 0 t o  l e s s  than 4 t i m e s  

i t s  experimental  va lue  f o r  Vso = 20 MeV. 

improvements i n  t h e  t h e o r e t i c a l  r e s u l t s  occur i n  the  p red ic t ion  of the  

1' energy l e v e l  of 0 l6 ,  t he  t o t a l  energy s p l i t t i n g  of N16,  and the  r a t e  

of muon capture  t o  t h e  1- l eve l  of N16. The e f f e c t  of t he  vec to r  i n t e r -  

a c t i o n  p o t e n t i a l  on a l l  o the r  p rope r t i e s  i nves t iga t ed  is  small, b u t  w i th  

the  except ion of t he  2- energy l e v e l  of 0 l 6 ,  t he  b e s t  t h e o r e t i c a l  p red ic-  

t i o n  of each proper ty  considered is obtained f o r  Vso g r e a t e r  than 15 MeV; 

i n  f a c t ,  w i th  the  poss ib l e  exception of the  muon capture  t o  the  2' level 

of N16 ,  a good approximation t o  a l l  experimental  d a t a  considered is  

obtained f o r  t he  i n t e r a c t i o n  s t r eng ths  Vt = -45 MeV, Vs = -40 MeV, and 

Vso = 20 MeV. 

determined va lues  l i s t e d  i n  Chapter I. The corresponding s ta te  v e c t o r s  

f o r  the  low-lying odd p a r i t y  s t a t e s  of 0 l 6  and N16 a r e  t abu la t ed  i n  

Table V I .  

The most pronounced 

Smaller ,  bu t  s t i l l  important ,  

These parameters compare favorably  wi th  the  exper imenta l ly  
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APPENDIX A 

FORMULAS FROM RACAH ALGEBRA 

Coupling Coefficients 

Clebsch-Gordon coef f ic ients  and 3 - 1  symbols. The Clebsch-Gordon 

coe f f i c i ent  ( jl ’2 j2 % 1 jl j2 JM) is defined by 

The more symmetrical 3 - j  symbol i s  related by 

(jl j2”)a I jl j2 j3 -% 1 . 

The components of the 3 - j  symbol must s a t i s f y  

and the triangular condition A (jl j2 j3) ,  or 

The symmetry properties of th is  symbol are 

and 
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The or thogonal i ty  r e l a t i o n  of the  3 - j  symbol is 

If = % = m3 = 0, then the  value of t he  3-j symbol s a t i s f i e s  

(2g-2 jl ) I (2g-2 ja ) ! (2g-2 j3 ) g! ( jl ja j 3 ) =  (-l,g[ (A.2) 
0 0 0  (2g+l) ! J (g-jl (g-ja ) (g - j3 )  

i f  2g = jl+ja+j3 is even, and 

i f  jl+j2+j3 is odd. 

Racah c o e f f i c i e n t s  and 6 - i  symbols. The Racah c o e f f i c i e n t  is 

def ined by 

The more symmetrical 6 - j  symbol s a t i s f i e s  t he  r e l a t i o n  

This must  s a t i s f y  the  t r i angu la r  condi t ions  

The symmetry p rope r t i e s  a r e  

!lho s p e c i a l  va lues  of t he  6 - j  symbol are 
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. 

and 

(A.4 )  
jl +j, +jl '+j2 (2 jl ) ! (2 j2 ) ! (jl +j2 +jl '+j2 '+I) I 

(2 jl +2 j, +I) ! ( jl '+j2 ' - jl - j2 1 ! I j2 jl+j2 

{;;I j2 1 

} =(-l) 

x [  I (jl +j2 +ja '-j, ' )  ! (jl +jz +jl ' - ja ' )  ! (j, '+J- j, ) ! (j, +J-j2 ) ! 

(jl +ja '-j)l(jl+J-j2 ')!(jl+ja '+J+1)!(j2+jl '-J)(j2+J-jl ')!(jl '+j2+J+1)! 

The o r thogona l i ty  of t he  6-j symbol and o the r  sum r u l e s  are  given by 

The 6-j symbol is r e l a t e d  t o  the 3-j symbol by 

A-coe f f i c i en t s  and 9-1 symbols. The A-coe f f i c i en t  is def ined by 

The symmetry p r o p e r t i e s  of t h e  9 - j  symbol are shown by 
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where 

= jl +ja +j3 +j,+ +J1 a +J3,, +J13 +Jar +J . 

Each row and column of t h e  9 - j  symbol must s a t i s f y  a t r i a n g u l a r  cond i t ion .  

The 9 - j  symbol is r e l a t e d  t o  the 3 - j  and the  6 - j  symbols by t h e  equa- 

t ions 

( A .  11) 

Reduced Matrix Elements 

The Wigner-Eckart theorem states34 t h a t  f o r  i r r e d u c i b l e  t enso r s  '$ 
t h e  dependence of t he  matrix element ( j m l c (  j ' m ' )  on the  p r o j e c t i o n  

quantum numbers is e n t i r e l y  contained i n  the  Clebsch-Gordon c o e f f i c i e n t :  

( A ,  12) 
= ( - I T m [  j L j '  ) ( j l l T L ~ I j . )  . 

-m M m '  

The q u a n t i t y  ( j l  IT1 1 j ') is  c a l l e d  a reduced matr ix  element of t h e  set  of 

t e n s o r  ope ra to r s  e. 0 
I f  T- i s  a Hermitian ope ra to r ,  then 

L 
, h 



. 

J-J'  
(5'1 ITLl IJ) = (-1) ( J l  lTLl 1 J ' ) + .  

I f  TZ i s  an  i r r e d u c i b l e  tensor  of degree zero,  then 
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(A.  13) 

Reduced matrix elements of some ope ra to r s  i n  f requent  use are 

( A .  1 5 A )  

(A.  15B) 

(A.  15C) 

f j K j '  1+(-1) a+a 'ix 
j + i  . (A.  l5D) 

( t o - i )  
( a % j l  lyKl I A ' W )  = (-1) [ (2j+l) (2 j  '+1)] 

For harmonic o s c i l l a t o r  wave funct ions,  we can eva lua te  the  fol lowing 

reduced matrix elements 

Tensor Products and Their  Reduced Matrix Elements 

The t enso r  product of two tensors  is  def ined by 

The scalar product of two tensors  i s  def ined by 

(A.  16) 

(A. 17) 
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I f  

T = CT (1) x T @ ) I K  Y 

K K1 5 
1 and 2 being d i f f e r e n t  spaces ,  then t h e  reduced ma t r ix  element of TK can 

be decomposed as follows 

( q j , a i j 2 ~ (  ~ T , I  1 . 1  'j1 ' a s  ' j 2  ' J I )  

(A.  18B)  

(A.  1%) 



APPENDIX B 

REDUCTION OF HOLE-PARTICLE YATRIX ELEMENTS 

TO PARTICLE-PARTICLE MATRIX ELEMENTS 

The convenience of the occupation-number representation of D i r a ~ ~ ~  in 

evaluating matrix elements of sum operators between states differing from 

closed-shell configurations by a few particles was first noted by Brink 

and S a t ~ h l e r . ~ ~  An outline of their theory is given here, and the results 

are used to reduce matrix elements of operators between hole-particle con- 

figurations to matrix elements in the particle-particle configurations. 

t Let 7)a and va denote respectively the creation operator and the 

annihilation operator for the single particle state la). For fermions 

these operators have the commutation relations 

For fermions we have, of course, 

na = 0,l. 

A closed shell can be represented by a single vector In = 1, allm) 
jm 

which we will denote by IC) ; thus 

~x T,(c) = IC) for all Ia)clc). 

The addition of one particle outside the closed shell, in the single 
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p a r t i c l e  o r b i t  1 j b  mb) , gives the r e s u l t a n t  s t a t e  

On t h e  o the r  hand, a s h e l l  f i l l e d  b u t  f o r  a p a r t i c l e  i n  t h e  s ta te  ( j a m a )  

n e c e s s a r i l y  has a r e s u l t a n t  angular momentum (ja,-ma). This w e  can r ep re -  

s e n t  by the  v e c t o r  

The phase f a c t o r  (-l)Ja'ma is chosen t o  provide c o r r e c t  r o t a t i o n a l  proper- 

ties.37 For a p a r t i c l e  i n  a s t a t e  denoted by t h e  number 2 o u t s i d e  a s h e l l  

f i l l e d  b u t  f o r  a ho le  i n  a s t a t e  denoted by 1, w e  have 

I f  a closed s h e l l  contains  a s t a t e  la), then, employing E q s .  (B.2) and 

(B. 3A) 

Va Talc) = 0, (B. 3B)  

i lc)  = 0, (B. 3C) 

c) = 0.  (B .3D) 

f >: i j  v i j  i s  given i n  t h e  occupation number The two-body operator  V = 

35 r ep r  es en t a  t ion by - 
> ; t t  v = % abed ya T]b Td % ( a b I v i j ( c d )  

where, omit t ing i s o t o p i c  s p i n ,  

(ablv.  .Icd) = J , J ~  E (j amaj bmb I j a j  b m )  
1J 

x ( jcmcjpd  I j c j d J ' M  ' ) ( j a j b m l V i  I jcjdJIM1) . 
Since t h e  p o t e n t i a l s  we use  a r e  a l l  s c a l a r  i n  J-space,  w e  have J = J ' .  

I n  t h i s  paper w e  are i n t e r e s t e d  only i n  t h e  i n t e r a c t i o n  between t h e  

p a r t i c i e  and hole  s t a t e s ,  so o m i t t i n g  isotopic s p i n  czns ide ra t ions ,  we 
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have t h e  matr ix  element of v12 is 

where 

x (ablv1a 14 
w i t h  a ,b , c ,d  being summed over 1, l', 2 ,  2 ' .  Using Eqs. ( B . 1 )  and (B.2)  

w e  f i n d  

i s  zero f o r  a l l  va lues  of c and d .  

o r  

so  that 
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( C i $  % 7; qb 7d VC $ I  71' IC)= - ~ 6 ( a , l i ) 6 ( b , 2 ) 6 ( c , l ) 6 ( d , 2 ' )  

+ 6 ( a , 2 ) 6 ( b , 1 1 ) 6 ( c , 2 ' ) 6 ( d , l )  - 6 ( a , l 1 ) 6 ( b , 2 ) 6 ( c , 2 ' ) 6 ( d , l )  

- 6 (a, 2)6 (b, 1 ' )6  (c, 1)s (d,2 ' )I . 
I n s e r t i n g  t h i s  expression i n t o  Eq. (B.5)  and using Val = Via w e  f i n d  

S u b s t i t u t i o n  of t h i s  expression i n t o  Eq. ( B . 4 )  and manipulation of t he  

coupling c o e f f i c i e n t s  according t o  t h e  formulas i n  Appendix A y i e l d s  

x [ ( j l ' j 2 J ' M ' I ~ l a ( j l j 2 ' J ' M ' )  - (-1)'l +ja (jl'j2J'M'(vla~j2'jlJ'M')]. 

Inc lus ion  of the i s o t o p i c  s p i n  quantum number leads,  by t h e  same pro- 

cedure,  t o  t h e  r e s u l t  t h a t  t h e  h o l e - p a r t i c l e  matrix element i s  

(7, ~ ~ J M ; T ~ M T \ v ~ ~  171 'j2 'JMJIW& = - C. (2J'+1) (2T'+1) 
J ' T '  (B .6 )  



APPENDIX C 

MOS HINS KY TRANSFORMATION BRACKETS 

The t ransformation from wave funct ions wi th  coordinates  a,, 3 t o  wave 

funct ions w i t h  center-of-mass coordinates & = k b  + B )  and r e l a t i v e  coor- 

d i n a t e s  

t h e  t ransformation b racke t  (nk?,71.f,L(nlRl ,n,&,L) such t h a t  

= 2- 9 w a s  f i r s t  t r ea t ed  i n  d e t a i l  by Moshinsky. 38 He def ined 

In141 ,%& ,w =s InR,np,IM)(na,~f,Llnlal  ,%az ,L>  
38 

where nk and%$ are  t h e  quantum numbers a s soc ia t ed  w i t h  t h e  r e l a t i v e  and 

center-of-mass coordinates  r e spec t ive ly .  The wave func t ion  i n  r e l a t i v e  

coordinates  contains  a harmonic o s c i l l a t o r  length b '  = a b,  and a s soc ia t ed  

w i t h  t h e  center-of-mass coordinate  i s  b" = - . This appendix i s  devoted 

t o  t h e  two-step eva lua t ion  of these t ransformation b racke t s ;  f i r s t ,  we 

eva lua te  (n$,nf,LI OR1 ,O&L) , and then a recurrence r e l a t i o n  f o r  nl ,%,O 

i s  de r ived .  

b 
42- 

Evaluation of (nh7)"QL\OR1 , O b  ,L) 

From Eqs. (1.12) and (1.13) w e  f i n d  t h a t  t h e  two p a r t i c l e  harmonic 

Employing a formula f o r  t h e  t r a n s l a t i o n  of m u l t i p l e  f i e l d s  which states 38 

t h a t  i f  





64 

I f  t h e  H-function i s  t o  be nonzero, t h e n ,  It + 4, and 
r L  + (A'tJ'%) 

j't f "t f, must be  p o s i t i v e  even in t ege r s ,  thus,  expanding (T~) 

and ( FL) 
y a ' t  f / '+  f a )  

i n t o  a s e r i e s  of Laguerre polynomials by t h e  

formula39 

k !  r(1+4+ k) K 

xK = )7, ( - 1 1 ~  H-m)! r ( i + d + m )  ~ r n  ) 
m: 0 

w e  f i n d  t h a t  \ O J , , o ~ ~ , L m )  i s  r e l a t e d  to(m,Jo ,%ofG,LM) by 

f '  % "  
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This expression w i l l  be zero un le s s  

and 

Adding t h e s e  and using 

-4,= P+t' , J p  J?"+b" 
w e  f i n d  

R , + 9 x  - 2 - 2 h - 3  - 1V- l  2 0 .  

But from t h e  conservat ion of energy t h i s  must be e x a c t l y  zero,  and hence 

This second expression may b e  derived from t h e  f i r s t  along w i t h  t h e  6 -  

funct ions i n  Eq. ( C . 4 ) .  Thus,conservation of energy is  ensured by t h e  

inc lus ion  of d (Ji'+J'; 1+ 1h) in t h e  summation i n  Eq .. ( C . 4 ) .  

By using Eqs. ( C . 2 ) ,  ( C . 3 ) ,  ( A . 2 ) ,  ( A . l O ) ,  and (A.4) w e  may reduce 

t h e  expression f o r  t h e  transformation b racke t  t o  



Defining q by 

= I ,  t9"--4', 

and summing over dl',#',  f l l ,  we obtain 

Y 

X 
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F ina 1 l y  , us ing 

we find the transformation bracket is  given by 

where 

4 (. 
r 1% 
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Since  

and 

must be even i n t e g e r s ,  q i s  r e s t r i c t e d  t o  va lues  f o r  which the  arguments 

of t h e  f a c t o r i a l s  i n  Eq. (C.6) a r e  i n t e g r a l .  I n  order  t o  have nonzero 

va lues  of t h e  6 - j  symbols, t h e  summation over X is l imi t ed  t o  va lues  

such t h a t  
I R - - O , ( L r L _  - 4 + J ? ,  

Recurrence Relation f o r  Transformation Brackets 

Consider t he  wave func t ion  

where 

The Laguerre polynomials s a t i s f y  the  r e l a t i o n  39 
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and i t  follows t h a t  

From conservat ion of energy considerat ions w e  n o t e  t h a t  i f  t h e  lef t -hand 

s i d e  of Eq. (C.7) is  t o  be nonzero, t h e  f i r s t  two terms on t h e  r i g h t -  

hand s i d e  must be zero.  Accordingly, w e  ob ta in  t h e  recurrence r e l a t i o n  

f i  4, TI f ,  L I ( m It 1 )  J, , 4, , L > = I ( hl + I ) (  ,+ -PI + )T'+ 

The nonzero values  of t he  matrix element i n  t h i s  equat ion are  given i n  

Table V I I .  

I f  w e  wish t o  eva lua te  ( m g l % f ,  L (tp,,~, jhlifUi ,L), w e  need only 

-k i n  Eq. (C.8) t o  L(m,+l)rn.-tA,r3+~'1 -+ change the [[m,+l) ( M l - t s l + 3 / 2 ) ]  

and change t h e  s i g n  of t h e  l a s t  four  l i n e s  i n  Table V I I I ,  s i n c e  t h e  s i g n  
2 of the r . ~  i n  2- is spposite that in 

& h .  2 
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J. 

n' 

I 

I 
d n -1 

i -1 

I 
"r\ -1 

t 
Q - 1  

aThe quantum numbers are subject to  the condition 



APPENDIX D 

CENTER-OF -MASS MOTION OF NUCLEONS 

When working wi th  nucleons i n  a harmonic-osc i l la tor -poten t ia l  w e l l ,  

one must remember t h a t  t he  center  of mass is a l s o  i n  motion governed by 

the  harmonic-osc i l la tor  p o t e n t i a l .  I f  a l l  nucleons occupy the  lowest 

poss ib l e  o s c i l l a t o r  l e v e l s  according t o  the  Pau l i  p r i n c i p l e ,  t h e  cen te r -  

of-mass motion can be ignored; only i f  some nucleons a r e  exc i t ed  ' 

t o  higher  o s c i l l a t o r  l e v e l s  must t he  c e n t e r  of mass motion be c a r e f u l l y  

taken i n t o  account .  I n  p a r t i c u l a r ,  c e r t a i n  exc i t ed  s t a t e s ,  c a l l e d  

spur ious  s t a t e s ,  have the  same i n t r i n s i c  wave func t ions  as the  ground 

s t a t e ,  b u t  t h e  c e n t e r  of mass is not  i n  the  lowest o s c i l l a t o r  l e v e l .  

As shown by E l l i o t t  and Skyrme,16 the  spurious s t a t e s  can be e l imina ted  

by d iagonal iz ing  t h e  matr ix  of t he  ope ra to r  

and r e t a i n i n g  only those combinations of s t a t e s  w i th  t h e  minimum eigen-  

va lue .  This is equiva len t  t o  evaluat ing the  energy of t h e  mass c e n t e r  

and r e j e c t i n g  those  s t a t e s  which do no t  have energy?ko,  corresponding 

t o  the  Os s t a t e .  

For the  h o l e - p a r t i c l e  conf igura t ion  w e  f i n d  from Eq. (2 .2)  t h a t  
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where 

Using Eq.  (A.18) w e  may expand the above expression to the form 

< J, j, ~ T T M T  I R' 1 7 1: J M J  TMT > 

The first two terms i n  the exchange part of th i s  formula w i l l  always be 

zero s ince w e  w i l l  never have the part ic le  and ho le  i n  the same state.  

Employing Eqs. (A.3), (A.5), ( A . 6 ) ,  (A.7), and (A.13), w e  can 

reduce the previous expression to  



. 
73 

and thus the evaluation of the matrix of R2 may be completed by use 

of Eqs . (A. 15E) and (A. 15F). 

In the case of 0l6 and N16 we find in every case except the J = 1, 

T = 0 state that for all linear combinations of the simple harmonic- 

oscillator wave functions, the center-of-mass energy is a minimum and 

thus need not be considered in choosing our basis vectors. In the 

J = 1, T = 0 state, however, (R2) is not diagonal and we find that 

a certain linear combination of the harmonic-oscillator wave functions 

refer to a state in which the center-of-mass motion is in an excited state. 
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then the R2 matrix element i n  t h i s  representation i s  

( <  I ~ ' ' 1  vj> 1 - 

This matrix has eigenvalues - 4 ,  -+ , -$ , -+ , a n d 5 .  

The eigenstate  corresponding t o  t h i s  l a s t  eigenvalue, 

z 

JY I n Ji 
lv*>=-+%b %I%)+ -+,h -&+)-t y- lvs)  1 

must be removed from our s h e l l  model ca lcu la t ions .  

The admissible s t a t e  vectors corresponding t o  the - 3  eigenvalues 
1 

are 
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discussed,  and the  p o t e n t i a l  we l l  introduced by these  assumptions i s  chosen. A 
mathematical t reatment  of the methods used for cons t ruc t ing  the  energy matr ices  
i s . p r e s e n t e d  i n  Chapter 11. The f i n  1 chap r contains  t h e o r e t i c a l  p red ic t ions  
of t h e  energy-level s p l i t t i n g s  of 0'' and N and of t he  beta-decay and mon- 
capture  r a t e s  f o r  the two nucle i .  After  a comparison of these r e s u l t s  w i t h  
experimental  data, the nuclear  s t a t e  vectors  giving the  b e s t  experimental  fit 
a r e  chosen. The appendices conta in  three de r iva t ions  t o o  cumbersome t o  be 
included i n  the  main t e x t ,  but  necessary f o r  t he  completeness of t h e  work, and 
a summary of formulas from Racah algebra which a r e  used throughout our 
ca lcu la t ions .  
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